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Abstract. Taking a rotor-bearing system attached with two discs as a research object, the effect 
of axial locations of two discs on the oil-film instability is investigated under out-of-phase 
unbalance of two discs. The nonlinear dynamic behavior of the rotor bearing system is analyzed 
by applying a finite element method (FEM). The left and right sliding bearings are simulated by 
an unsteady nonlinear oil-film force model based on the assumption of short bearings, 
respectively. The paper mainly focuses on the second oil-film instability law with two changing 
methods of disc locations and the complicated nonlinear responses of the rotor system are also 
analyzed through the amplitude-frequency response of oil-film force from the right bearing, 
spectrum cascades diagram. The results show that the phenomena of the first and second mode 
oil-film instabilities have more to do with the natural frequencies and the characteristics of oil-film 
force of the left or right bearing. When the second natural frequency is lower and the right disc is 
close to the oil-film bearing, the oil-film force will become larger, which will cause oil-film 
instability violently. The results have an important significance for the fault diagnosis of oil-film 
instability and structural design of bearing-rotor system with this type. 
Keywords: the first/second mode instability, rotor system, dynamic characteristics, disc location. 
Nomenclature 
۱ Damping matrix of the global system (Rayleigh damping matrix) 
ܿ Mean radial clearance of the sliding bearing  
ܦ Bearing diameter 
ܧ Elastic modulus 
۴௕ Oil-film force vector of the bearing 
ܨ௕௫, ܨ௕௬ Oil-film force in ݔ and ݕ directions 
۴௘ Unbalanced force vector of the rotor system 
௕݂௫, ௕݂௬ Dimensionless oil-film force in ݔ and ݕ directions 
௥݂ Rotating frequency (Hz) 
௡݂ଵ, ௡݂ଶ The first and second mode whip frequencies 
۵ Gyroscopic matrix 
݃ Acceleration of gravity 
ܫ Moment of inertia 
۹ Stiffness matrix of the global system 
ܮ Bearing length 
݈௜ The distance between every two nodes 
ۻ General mass matrix of the global system 
ܙ Displacement vector 
ܙ෥ Dimensionless displacement vector 
ݔ௜, ݕ௜  (݅ = 1, 2,..., 9) Displacements in ݔ and ݕ directions 
ݔ෤௜, ݕ෤௜  (݅ = 1, 2,..., 9) Dimensionless displacements in ݔ and ݕ directions 
ߟ Lubricant viscosity 
ߠ௫௜, ߠ௬௜ Angles of orientation associated with the ݔ and ݕ axes 
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ߦଵ, ߦଶ The first and second modal damping ratios 
߬ Dimensionless time 
߱ Rotating speed of rotor (rev/min) 
߱௡ଵ, ߱௡ଶ The first and second natural frequencies (rev/min) 
1. Introduction 
Oil-film instability can cause severe rotor vibration in large rotating machinery mounted on 
sliding bearings, which limits the safe and efficient operation of rotor systems. Hence, it becomes 
a substantial concern for industry and it is rather necessary to get a better understanding the 
mechanism for providing an efficient technical support for diagnosing system malfunctions about 
oil whirl/whip, while the installation condition is one of the influence parameters to affect the 
oil-film instability law.  
Nonlinear oil-film force is the main reason of oil-film instability. It is very important to get an 
analytical formula of oil-film force for the global study of the mechanism of the nonlinear 
instability. Modern turbine generators are becoming larger span and more flexible and the linear 
oil-film force model based on eight-coefficient is unacceptable to explore the nonlinear behaviors 
of the system [1]. Muszynska, et al. [2-3] presented a nonlinear oil-film force model, considering 
fluid circumferential average velocity of the flow, based on a series of experimental results. Based 
on the short bearing approximation of Ocvirk [4], Capone [5, 6] presented a nonlinear oil-film 
model and analyzed the orbits of the shaft in the bearings by the model. Based on Capone model, 
the nonlinear dynamic behaviors of a rotor-bearing system were investigated [7-10]. Because the 
steady oil-film model ignores the effect of the unsteady motion of the journal, Zhang, et al. [1] 
presented a general mathematical expression of unsteady nonlinear oil-film force model. By using 
the non-steady nonlinear oil-film force model presented by Zhang [1], Xu, et al. [11] discussed 
the stability of a rigid Jeffcott rotor supported by short journal bearing. By compared with steady 
oil-film model, their results showed that the oil-film modal adopted in the paper is more suitable 
for rotor dynamic application. Ding, et al. [12] analyzed non-stationary processes of a 
rotor-bearing system. 
The bearing parameters, such as the length-to-diameter ratio, bearing radial clearance, oil 
viscosity, etc., are also important factors affecting the oil-film instability and a lot of researches 
have been performed [13-16]. These studies provided a better understanding of the impact of the 
bearing factors on instability of rotor system and played a guiding role for future design of rotor 
system. 
Except for the oil-film force and bearing parameters, there are many factors that can cause 
oil-film instability in a rotor bearing system. Many theoretical studies, numerical simulations and 
experiments have been carried out to reveal the effect of the rotating speed on the oil-film 
instability due to seals or bearings [17-24]. The effects of eccentricity [25, 26], unbalance 
[13, 27-29], shaft length [30], disc location [27, 30] and phase angle between the eccentricities of 
disks [31, 32] on the dynamic characteristics of the system have also been investigated. 
Furthermore, Subbiah [33] has found oil whirl/whip also occurred at increased turbine MW 
loading, which means oil whirl/whip could also be load-dependent. Based on above researches, a 
more comprehensive understanding for the dynamic characteristics of rotor systems can be 
acquired. 
Most works already done are mainly concerned about the first mode whirl/whip and the effects 
of rotating speed, unbalance and bearing parameters on it. Although the experiments in Refs. 
[3, 34-36] showed the presence of second mode whirl/whip, the researches on high order mode 
whir/whip (bending modes) by numerical simulation are still very limited, and the coupling 
mechanism between the parameters (the rotor structure parameters and unbalance) and the second 
mode whirl/whip is also seldom reported. 
In this paper, influences of the locations of two discs on the second mode whirl/whip and the 
instability mechanism of the rotor-bearing system, attached with two disks, are investigated under 
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out-of-phase unbalances of two discs condition. A non-steady nonlinear oil-film force model 
under short bearing assumption [1] is adopted. The dynamical equations of motion are numerical 
simulated and the spectrum cascades are used to illustrate the nonsynchronous vibration. 
This paper consists of four sections. After this introduction, a dynamic model of a rotor-bearing 
system with two discs is proposed in Section 2. In Section 3, dynamic characteristics of the 
rotor-bearing system are analyzed with two changing methods of disc locations under out-of-phase 
unbalances of two discs. Finally, conclusions are drawn in Section 4. 
2. Dynamic equation of the system 
In order to research the rotor-bearing system efficiently, the finite element (FE) model of the 
rotor-bearing system is simplified according to the following assumptions: 
a) The schematic of the rotor system, nodes and elements is shown in Fig. 1. The shaft is 
divided into 8 Timoshenko beam elements and 9 nodes. It is worth noting that the number of 
elements is chosen to ensure a sufficient level of accuracy in the results and computational 
efficiency. Meanwhile, the element model is shown in Fig. 2. In the figure, ݔ, ݕ and ߠ௫, ߠ௬ denote 
displacements in translation directions and angular displacements in rotation directions, subscripts 
ܣ and ܤ denote nodes ܣ and ܤ respectively. 
 
Fig. 1. Schematic of the rotor system, nodes and elements 
b) The discs are simulated by lumped mass elements, which are superimposed upon the 
corresponding nodes and specified by the mass ݉, the diametral and polar moments of inertia (ܬௗ 
and ܬ௣) and the gyroscopic effects of the discs are also considered. The detailed information about 
the lumped mass element is shown in Ref. [37]. In this paper, two discs are identical and  
݉ = 0.5919 kg, ܬௗ = 2.5×10-4 kg∙m2 and ܬ௣ = 4.7×10-4 kg∙m2. 
c) The two sliding bearings (see Fig. 1) are simulated by a nonlinear oil-film force model [1]. 
 
Fig. 2. FE model of a shaft element 
The general displacement vector of a beam element for the shaft ܝ௘ is given as: 
ܝ௘ = [ݔ஺  ݕ஺    ߠ௫஺  ߠ௬஺    ݔ஻ ݕ஻ ߠ௫஻ ߠ௬஻ ]், (1)
where the superscript ݁ stands for an element. The mass, stiffness and gyroscopic matrices of each 
shaft element are denoted as ۻ௘, ۹௘, and ۵௘, respectively [37]. 
The dynamic equations of the rotor-bearing system with thirty-six degrees of freedom can be 
deduced as follows: 
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ۻܙሷ + (۵ + ۱)ܙሶ + ۹ܙ = ۴௘ + ۴௕ − ۴௚, (2)
where ۻ, ۵, ۱, ۹ and ܙ are the mass matrix, gyroscopic matrix, damping matrix, stiffness matrix 
and displacement vector of the system, ۴௘, ۴௕ and ۴௚ the vector of eccentric force, oil-film force 
and gravity force of the rotor bearing system, respectively. 
For Eq. (2), the Newmark-ߚ integration method is adopted to solve the equation because it is 
a robust algorithm to solve nonlinear equations in the time domain [38]. The format of Newmark-ߚ 
is: 
൜ܙሶ ௧ା୼௧ = ܙሶ ௧ + [(1 − ߜ)ܙሷ ௧ + ߜܙሷ ௧ା୼௧]Δݐ,ܙ௧ା୼௧ = ܙ௧ + ܙሶ ௧Δݐ + [(0.5 − ߙ)ܙሷ ௧ + ߙܙሷ ௧ା୼௧]Δݐଶ,
(3)
where ߜ and ߙ are adjustable parameters depending on the required precision and stability of the 




ߙΔݐଶ (ܙ௧ା୼௧ − ܙ௧) −
1
ߙΔݐ ܙሶ ௧ − Δݐ ൬
1
2ߙ − 1൰ ܙሷ ௧,
ܙሶ ௧ା୼௧ =
ߜ
ߙΔݐ (ܙ௧ା୼௧ − ܙ௧) + ൬1 −
ߜ




Substituting Eq. (4) into the dynamic equilibrium equations Eq. (2), it will be: 
ۻܙሷ ௧ା୼௧ + ۱ᇱܙሶ ௧ା୼௧ + ۹ܙ௧ା୼௧ = ۴௧ା୼௧ᇱ , (5)
here, ۱ᇱ = ۵ + ۱ and ۴ᇱ = ۴௘ + ۴௕ − ۴௚. Eq. (5) can be simplified as follows: 















ߙΔݐ ܙሶ ௧ + ൬
1
2ߙ − 1൰ ܙሷ ௧൨ ۻ
+ ൤ ߜߙΔݐ ܙ௧ + ൬
ߜ
ߙ − 1൰ ܙሶ ௧ + ൬
ߜ




The solution of the equations will be unconditionally stable when the Newmark integral 
parameters meet the following conditions: 
ߙ = 14 (1 + ߛଵ)
ଶ,    ߜ = 12 + ߛଵ, ߛଵ ≥ 0, (ߛଵ = 0 in this paper). (8)
The spectrum cascade is used to show the change of the frequency components with different 
disc positions. In order to understand the vibration intensity of the rotor system intuitively, the 
vibration responses of the system are presented by dimensional forms. 
In practical engineering, most structures are multiple-degree-of-freedom systems, whose 
damping is mostly based on Rayleigh damping theory, namely the damping matrix is obtained by 
superposition of mass matrix and stiffness matrix. This simulation method of energy dissipation 
has a lot of numerical advantages, and it can meet the needs of general structure dynamic analysis. 
In this paper, Rayleigh damping form is applied by the following formula [39]: 
1415. EFFECTS OF DIFFERENT DISC LOCATIONS ON OIL-FILM INSTABILITY IN A ROTOR SYSTEM.  
HUI MA, XUELING WANG, HEQIANG NIU, HUI LI 
3252 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. NOV 2014, VOLUME 16, ISSUE 7. ISSN 1392-8716  
۱ = ߙଵۻ + ߚଵ۹, (9)
ߙଵ =
ߨ(߱௡ଶߦଵ − ߱௡ଵߦଶ)߱௡ଵ߱௡ଶ
15(߱௡ଶଶ − ߱௡ଵଶ )
, ߚଵ =
60(߱௡ଶߦଶ − ߱௡ଵߦଵ)
ߨ(߱௡ଶଶ − ߱௡ଵଶ )
, (10)
where ߱௡ଵ and ߱௡ଶ are the first and second order natural frequencies (rev/min); ߦଵ and ߦଶ are the 
first and second order modal damping ratios, respectively. In this paper, ߦଵ = 0.02 and ߦଶ = 0.04. 
2.1. Nonlinear oil-film forces 
The self-excited vibration, known as “whirl”, “whip”, or simply “instability”, will occur due 
to the presence of nonlinear fluid forces when the rotating speed exceeds a threshold speed [40]. 
Specially, the second mode instability appears when the rotating speed exceeds twice the second 
natural frequency. 
The support of the bearing is simulated by a non-steady nonlinear hydrodynamic force model 
deduced by Zhang [1], which is able to simulate the dynamic behavior of fluid-induced 
instabilities. The oil-film forces are treated as external excitation and superimposed upon the 
corresponding degrees of freedom (node 1 and node 9). For short bearing, the oil-film inside 
bearing rotating with the shaft causes reactive hydrodynamic forces ܨ௕௫  and ܨ௕௬  in ݔ  and ݕ 
directions which can be calculated by: 











where ߟ represents the viscosity of lubricating oil. ܮ, ܦ and ܿ are length, diameter and mean radial 
clearance of the sliding bearing, respectively. In this paper, ߟ = 0.04 Pa∙s,  ܮ = 10 mm,  
ܦ = 25 mm and ܿ = 0.3 mm. The dimensionless hydrodynamic forces ௕݂௫ and ௕݂௬ are calculated 
by the mathematical model [1]. 
2.2. Dimensionless equation of motion 
In order to facilitate calculation and avoid excessive truncation errors, the dimensionless 
transformations are given as follows: 
߬ = ߱ݐ,   ܙ෥ = ܙܿ ,   ݔ෤௜ =
ݔ௜
ܿ , ݕ෤௜ =
ݕ௜
ܿ , (݅ = 1, 2, … , ݊;  ݊ = 9 is node number). (13)
Substituting Eq. (13) into Eq. (2), the dynamic equations of the system can be rewritten in 
dimensionless form: 
߱ଶۻܙ෥ሷ + ߱(۵ + ۱)ܙ෥ሶ + ۹ܙ෥ =
۴௘ + ۴௕ − ۴௚
ܿ .
(14)
3. Numerical simulation of different disc locations under out-of-phase unbalance of two discs 
Based on Refs. [32], the out-of-phase unbalance of two discs easily causes the second mode 
instability. So in this paper, only the out-of-phase unbalance of two discs is considered to focus 
on the mechanism of second mode instability. The unbalance moments of two discs are all 
assumed as 1.1838×10-4 kg∙m, then two changing methods of disc locations are applied to 
ascertain their influences on the dynamic behavior and the first/second mode instability thresholds 
of the rotor system. In the case of constant shaft length, ݈ = 562.5 mm, the two simulations are 
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given as follows: 
1) The simulation 1 is that the position of the left disc does not change (i.e., ݈ଵ = 155 mm is 
constant) while the distance between the left and right discs changes from ݈ଶ = 40 mm to 280 mm 
with 40 mm interval (see Fig. 1). 
2) The simulation 2 is defined as keeping the distance of two discs constant (i.e., ݈ଶ = 200 mm 
is constant) and changing the distance between the left disc and left sliding bearing from  
݈ଵ = 40 mm to 280 mm with 40 mm interval (see Fig. 1). 
Table 1. Natural frequencies of the system under two simulations 
Simulation 1 
݈ଶ (mm) The first natural frequency (Hz) The second natural frequency (Hz) 
40 24.82 174.83 
80 24.34 152.26 
120 24.40 126.28 
160 24.99 108.22 
200 26.13 97.34 
240 27.82 92.62 
280 29.96 95.23 
Simulation 2 
݈ଵ (mm) The first natural frequency (Hz) The second natural frequency (Hz) 
40 28.98 148.67 
80 27.42 115.03 
120 26.46 101.21 
160 26.12 97.73 
200 26.42 100.72 
240 27.34 113.75 
280 28.87 145.64 
Amplitude-frequency responses of right bearing oil-film force in ݕ  direction under two 
simulations are shown in Fig. 3. It is clear that the second loading condition mainly excites the 
second frequency. The larger peaks in Fig. 3 are used to obtain the second natural frequencies 
under different disc locations, and the natural frequencies under two simulations are shown by the 
red dotted line in Fig. 4. In order to verify the results determined by peak points, the system natural 
frequencies are calculated by linear bearing stiffness (see the blue dotted line in Fig. 4), where the 
two bearing stiffness are all assumed as 1×108 N/m in ݔ and ݕ directions. Based on the linear 
bearing model, the first two order natural frequencies are listed in Table 1. It can be seen from 
Fig. 4 and Table 1 that the second natural frequencies of the system determined by the peak points 
is slightly less than those by linear bearing model because there is some error between the bearing 
stiffness determined by nonlinear oil-film force and the assumed stiffness. Considering the model 
symmetry of bearings and discs, the system natural frequencies at two sides of ݈ଵ = 160 mm are 
almost the same under the simulation 2, namely the natural frequency at ݈ଵ = 40 mm is close to 
that at ݈ଵ = 280 mm (see Fig. 1). 
a) Simulation 1 
 
b) Simulation 2 
Fig. 3. Amplitude-frequency responses of right bearing oil-film force in ݕ direction under two simulations 
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a) Simulation 1 b) Simulation 2 
Fig. 4. The second natural frequency under two simulations 
3.1. Simulation 1 
The spectrum cascades of right bearing (node 9) with different ݈ଶ under the simulation 1 are 
displayed in Fig. 5. In the figure, the interval of rotating speed is 300 rev/min. These figures show 
the following dynamic phenomena. 
1) At ݈ଶ = 40 mm, the first mode whip ௡݂ଵ appears at about 4800 rev/min and it is violent in 
the range of the rotating speed ߱ ∈ [4800, 8400] rev/min and disappears at higher rotating speed 
(above 17000 rev/min). The second oil whirl ௡݂ଶ appears at about 12300 rev/min and disappears 
at about 15000 rev/min. At ݈ଶ = 80 mm, the second mode whirl becomes the second mode whip 
௡݂ଶ and its frequency is locked at about 137 Hz, which is slightly less than the natural frequency 
150 Hz (see Fig. 4(a)). With increasing ݈ଶ, the range of the second mode whip increases and its 
amplitude gradually increases; the amplitudes of ௡݂ଵ and ௡݂ଶ are close at ݈ଶ = 120, 160 mm (see 
Figs. 5(c), 5(d)) and the second mode whip becomes evident at higher rotating speed at ݈ଶ = 200, 
240, 280 mm (see Figs. 5(e), 5(f), 5(g)). 
2) With the increase of ݈ଶ, the combination frequency components about ௡݂ଵ and ௡݂ଶ are more 
complicated, and the whip amplitude is greater than that of rotating speed ௥݂  under some 
conditions, such as the amplitude of ௡݂ଵ (see Fig. 5(a)) and the amplitude of ௡݂ଶ (see Figs. 5(f), 
5(g)). The transfer of vibration energy among ௥݂, ௡݂ଵ and ௡݂ଶ can be observed, such as the large 
amplitude of ௡݂ଵ in the range of ߱ ∈ [6900, 10200] rev/min, the large amplitude of ௡݂ଶ in the 
range of ߱ ∈ [11400, 16800] rev/min and the large amplitude of ௥݂  in the range of  
߱ ∈ [16800, 19800] rev/min (Fig. 5(e)). 
3) The larger ݈ଶ will lead to the smaller second natural frequency (see Fig. 4), which results 
that the second mode instability is excited easily and the system vibration becomes fierce 
gradually. 
3.2. Simulation 2  
Under the simulation 2, the spectrum cascades of right bearing (node 9) in ݕ direction are 
illustrated in Fig. 6, which exhibits the following dynamic phenomena. 
1) At ݈ଵ = 40 mm, the first mode whip ௡݂ଵ appears at about 3300 rev/min and it is dominated 
in the range of the rotating speed ߱ ∈ [3300,6000] rev/min. ௥݂/2 frequency component appears in 
the range of ߱ ∈ [12300,13800] rev/min, and frequency component slightly greater than ௥݂/2 in 
the range of ߱ ∈ [12600,15300] rev/min, and the second oil whip ௡݂ଶ  appears at about 
17400 rev/min. Considering the model symmetry of bearings and discs, the frequency components 
at ݈ଵ = 280 mm are very similar to those at ݈ଵ = 40 mm except for the amplitude. At ݈ଵ = 80 mm, 
the second mode whip ௡݂ଶ  is locked at about 100 Hz, which is slightly less than the natural 
frequency 115 Hz (see Fig. 4(b)). With increasing ݈ଵ, the range of the second mode whip increases 
and its amplitude also increases gradually (݈ଵ ≤ 160 mm). 
2) Compared with the simulation 1, it is obvious that the frequency components are very 
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similar when the structure sizes are approximate, such as ݈ଶ = 200 mm in simulation 1 and  
݈ଵ = 160 mm in simulation 2. The second mode whip is more serious and the oil-film force 
becomes larger when the discs are close to the right bearing. 
3) The second natural frequency decreases to a minimum value at ݈ଵ = 160 mm and then 
increases with the increasing ݈ଵ (see Fig. 4). Obviously, when ݈ଵ = 40 and 280 mm, the second 













Fig. 5. Spectrum cascades of the right bearing in y direction under the simulation 1: a) ݈ଶ = 40 mm,  
b) ݈ଶ = 80 mm, c) ݈ଶ = 120 mm, d) ݈ଶ = 160 mm, e) ݈ଶ = 200 mm, f) ݈ଶ = 240 mm, g) ݈ଶ = 280 mm 
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Fig. 6. Spectrum cascades of the right bearing in y direction under simulation 2: a) ݈ଵ = 40 mm,  
b) ݈ଵ = 80 mm, c) ݈ଵ = 120 mm, d) ݈ଵ = 160 mm, e) ݈ଵ = 200 mm, f) ݈ଵ = 240 mm, g) ݈ଵ = 280 mm 
3.3. Discussion of simulations 1 and 2 
The instability regions under two simulations are shown in Fig. 7, which intuitively depicts 
the change of oil-film instability at different physical dimensions of the rotor system. By 
combining the spectrum cascades and instability regions shown in Fig. 7, some physical 
phenomena can be summarized as follows: 
1) The first instability region shows a wide range under two simulations when the second 
natural frequency of the rotor system is large, such as ݈ଶ = 40, 80 mm and ݈ଵ = 40 mm. In these 
three cases, the second mode whirl appears at ݈ଶ = 40 mm and ݈ଵ = 40 mm, the second instability 
regions are relatively small and the rotating frequency is significantly large at higher speed. 
2) With increasing ݈ଶ  in simulation 1, the first parts of the first mode instability regions 
gradually decrease; the threshold of its second parts gradually decreases and become stable at  
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݈ଶ = 200, 240, 280 mm; the beginning of the second mode instability also decreases gradually and 
then keeps stable. With increasing ݈ଵ under the installation condition 2, the system instability 
regions are basically symmetrical about ݈ଵ = 160 mm, the change law of instability regions is 
similar to that under simulation 1 when ݈ଵ changes from 40 mm to 160 mm. 
3) The change of the instability regions is closely related to the natural characteristics of the 
system. The second oil whirl may appear when the second natural frequency is large and the range 
of the second mode instability regions increase. The whip amplitude becomes large when the discs 
are close to the right bearing and the second natural frequency decreases. 
4) Under some structure sizes, the transfer of vibration energy among ௥݂, ௡݂ଵ and ௡݂ଶ can be 





Fig. 7. Instability regions under two simulations: a) simulation 1, b) simulation 2 
4. Conclusions 
In this paper, a flexible rotor-bearing system attached with two discs is modeled by FEM and 
the system dynamic characteristics are simulated with two changing methods of disc locations 
under out-of-phase unbalance of two discs. Some conclusions can be summarized as follows: 
1) The first mode instability is dominant, the second mode whirl may appear and the first two 
orders mode instability may disappear at higher rotating speed when the space between the two 
discs is smaller in simulation 1, and the second natural frequency is large in this case. The first 
parts of the first mode instability regions and the thresholds of its second parts gradually decrease, 
furthermore, the second mode instability regions gradually increase. The change of the instability 
regions is closely related to the natural characteristics of the system. 
2) The amplitude of the second mode whip becomes large when the second natural frequency 
is lower and the discs are close to the right bearing, which is caused by the increase of oil-film 
force of the right bearing. Under some structure sizes, the transfer of vibration energy among 
rotating frequency, the first mode whip frequency and the second mode whip frequency can be 
observed with the increasing rotating speed. 
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